The dynamics of magnetic skyrmion driven by spin-polarized current is theoretically studied in the chiral ferromagnetic film with spatially modulated Dzyaloshinskii-Moriya interaction. Three cases including linear, sinusoidal, and periodic rectangular modulations have been considered, where the increase, decrease, and the periodic modification of the size and velocity of the skyrmion have been observed in the microscopic simulations. These phenomena are well explained by the Thiele equation, where an effective force on the skyrmion is induced by the inhomogeneous DzyaloshinskiiMoriya interaction. The results here suggest that the dynamics of skyrmion can be manipulated by artificially tuning the Dzyaloshinskii-Moriya interaction in chiral ferromagnetic film with material engineering methods, which will be useful to design skyrmion-based spintronics devices.
I. INTRODUCTION
In recent years, the discovery of magnetic skyrmion in chiral ferromagnetic materials has triggered extensive research activities, [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] mainly due to its potential applications in spintronics devices. [21] [22] [23] [24] [25] This type of topological defect is stabilized by the finite Dzyaloshinskii-Moriya interaction (DMI), 26, 27 which origins from the broken inversion symmetry in the materials. The dynamics of the skyrmion can be flexibly manipulated by spin-polarized current, 13, 14 and the trajectory of its center can be simply described by the Thiele equation. 21 It shows that a transverse component of the velocity will be generated by an effective force on the skyrmion, i.e. "the skyrmion Hall effect", 14 which has been confirmed in recent experimental observations. 18, 19 Meanwhile, the physical factors influencing the DMI in chiral ferromagnetic materials have been carefully investigated. [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] For instance, it has been shown that the bulk DMI can be modified by the chemical composition, 28 carrier density and the strain, 29 , band filling, 33 etc. The interfacial DMI in the multilayer thin films, on the other hand, can be tuned by the thickness of certian layer, 30, 36, 37 oxygen coverage, 31 ion irradiation, 32 etc. Furthermore, the effect of electric field has also been studied, 34, 37 where 130% variation of DMI in Ta/FeCoB/TaO x trilayer has been demonstrated experimentally. 34 These developments thereby lay the foundation to control the dynamics of magnetic skyrmion by artificially modulate the DMI in chiral ferromagnetic materials.
By far, the current-driven dynamics of magnetic skyrmion has mainly been studied in chiral ferromagnetic materials with homogeneous DMI. In this paper, we consider a chiral ferromagnetic film with spatially modulated DMI, and show that the trajectory of the skyrmion will be drastically modified due to the inhomogeneous distribution of DMI, which can be well understood by analyzing the Thiele equation. The results here will be beneficial to design skyrmion-based devices by controlling the DMI with material engineering techniques.
The rest of paper is organized as follows. In Section II,
we describe the theoretical model of the current-driven skyrmion with inhomogeneous DMI, and give the corresponding Thiele equation. In section III, we perform micromagnetic simulations with linearly or periodically modulated DMI, and compare the results with Thiele equation. The conclusive remarks of our work will be given in Section IV. As shown in Fig. 1 , the model system is a chiral ferromagnetic film with length L, width W , and thickness d. The main interactions among the magnetic moments here include the Heisenberg exchange interaction, DMI, and the perpendicular magnetic anisotropy, which thus give the energy density of the film as 13, 14, 21 
II. THEORETICAL MODEL
Here, m(r) = M(r)/M s is the normalized magnetization distribution, and M s is the saturation magnetization; A is the exchange stiffness; K u is the perpendicular magnetic anisotropy coefficient, and e z is the anisotropic axis along z-direction. 
The coefficient D determines the strength of DMI and is assumed to be spatially inhomogeneous.
A magnetic skyrmion will be prepared near the upperleft corner of the film, and a spin-polarized current perpendicular to the film will be applied. The amplitude, degree and direction of spin polarization of the applied current are denoted by I, p, m p , respectively. Then the magnetization dynamics of the film will be described by the Landau-Lifshitz-Gilbert-Slonczewski (LLGS) equation
Here, γ 0 is the gyromagnetic ratio; H ef f = − 
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If the spatial variation of the DMI is small enough in the scale of the skyrmion size, we can approximately describe the structure of the skyrmion with fixed DMI strength D at its center. Its trajectory then can be described by the Thiele equation (Appendix A)
Here, v is the drift velocity of the skyrmion center;Ĝ and D denote the gyromagnetic coupling tensor and dissipative force tensor; F and F s are the effective forces acting on the skyrmion due to the inhomogeneous energy density and the spin transfer torque, respectively. They are explicitly related to the magnetization distribution m(r) asĜ
The variables ξ, ξ here denote the spatial coordinates x, y. Then the velocity v of the skyrmion will be obtained from the Thiele equation as
which then gives the Hall angle ϑ H = arctan(v y /v x ). The interfacial and bulk DMI will result in Néel-type and Bloch-type skyrmion, respectively. In the polar coordinates taking the skyrmion center as the origin, the magnetization configuration of the skyrmion can be expressed as 
The force F due to the inhomogeneous DMI strength D is expressed as
Here, we have defined the integral (Appendix C)
and the coefficient g f = cos γ for Néel-type skyrmion and g f = sin γ for Bloch-type skyrmion. When m p = (sin θ cos φ, sin θ sin φ, cos θ), the force acting on the Néel-type skyrmion by the spin transfer torque is F s = cos γ(sin θ sin φ, − sin θ cos φ)βF, while the force on the Bloch-type skyrmion will be F s = − sin γ(sin θ cos φ, sin θ sin φ)βF.
The parameters in the Thiele equation (3) can be further calculated if the radial profile of the skyrmion Θ(r) is known, which then can predict the velocity of the 
III. MICROMAGNETIC SIMULATIONS
In this section, we study the current-driven dynamics of the magnetic skyrmion in the film by simulating the LLGS equation (2), and the simulated results are compared with the theoretical predictions from Thiele equation. The simulation parameters are set as L = 500 nm, W = 100 nm, d = 0.4 nm, M s = 5.8 × 10 5 A/m, A = 15 pJ/m, K u = 0.8 MJ/m 3 , α = 0.05. The current amplitude is taken as I = 3 × 10 11 A/m, with the degree of spin polarization p = 0.4. We restrict the simulations here to the case of Néel-type skyrmion, and set the direction of polarization m p = (−1, 0, 0). The film is discretized into grids with size 1.0 × 1.0 × 0.4 nm 3 , and the time step during the simulations is taken as 1 fs for convergence. Three cases will be considered for the spatial modulation of DMI strength D below.
A. Linear Modulation
We first consider that the DMI strength is linearly modulated along the x-direction. In Fig. 3(a) , the trajectories of the skyrmion are presented when D increases from 3 to 4 mJ/m 2 and decreases from 4 to 3 mJ/m 2 , respectively. For comparison, the trajectory for homogeneous D = 3.5 mJ/m 2 is also shown. The results reveal that the Hall angle ϑ H can be controlled by introducing the gradient of D. Besides, the size of the skyrmion will also vary when D is changed during the motion. In Fig. 2(b) and (c), the radius R and width w of the skyrmion are obtained by fitting the simulation results to the ansatz Θ(r) = 2 arctan[ sinh(R/w) sinh(r/w) ]. We see that the fitted R is generally larger than the theoretical value, which can be about 2 nm for large D. On the other hand, the fitted w is close to the theoretical values with a small difference about 0.3 nm. Therefore, we can take the proposed model in Ref. 39 to approximately estimate the profile of the skyrmion.
The velocity of the skyrmion is further determined from the trajectory of the skyrmion, as shown in Fig. 3(d) and (e). As D is linearly increased from 3 mJ/m 2 to 4 mJ/m 2 , both components of the velocity v x and v y will become larger. Based on the results in Section II, the force due to the linearly modulated D is along the xdirection and is given as
Ms F∇D, while the force due to the spin transfer torque is along the y-direction with the value F s y = βF. The Thiele equation will then give the velocity ). Similarly, when D decreases from 4 mJ/m 2 to 3 mJ/m 2 , the velocity v x and v y will both decrease, while the magnitude of the Hall angle ϑ H will continuously decrease. Besides, the magnitude of Hall angle will be small for positive ∇D and be large for negative ∇D at fixed D, as shown in Fig. 3(a) and (f). Fig. 3(d) (e)(f) suggest that the Thiele equation can correctly capture the trend of the velocity and Hall angle with linearly modulated D, although some quantitative differences exist.
B. Sinusoidal Modulation
We further study the current-driven dynamics of skyrmion with a sinusoidal modulation of the DMI strength, where D = 3.5 + 0.5 sin(2πx/100) mJ/m 2 with
x ∈ [0, 500] nm. Fig. 4(a) shows that the trajectory of the skyrmion will be periodically distorted by the modulated DMI. Specially, the skyrmion will be pushed away but can always move back to the trajectory if D is set as 3.5 mJ/m 2 . The behavior can be understood from the periodic modulation of the Hall angle, the magnitude of which will become large for negative ∇D and vice versa. The turning points x 0 of the trajectory will then be determined by the condition ∇D = 0, which gives x 0 = 25, 75, · · · , 475 nm. The skyrmion size will also be periodically modulated as expected. In Fig. 4(b) and (c), the radius R and width w of the skyrmion obtained by fitting the simulation results are compared to the theoretical values. The size of the skyrmion will expand and shrink periodically together with the DMI strength. In spite of quantitative differences, the theoretical calculations do can predict the variation of the skyrmion size satisfactorily.
The velocity v and Hall angle ϑ H have also been obtained from the micromagnetic simulations and calculated from the Thiele equation separately. As shown in Fig. 4(d) (e)(f), v and ϑ H will oscillate around the reference values obtained for fixed D = 3.5 mJ/m 2 . Besides, v x will achieve it maximal value when D is largest and vice versa, as determined by the factor F in Thiele equation. However, v y in this case can be either positive or negative, since ∇D here is large enough to be dominant. In the same reason, ϑ H can also be positive or negative, which results in the "push-back" trajectory given in Fig. 4(a) . Moreover, the Hall angle with maximally negative value will be achieved when ∇D is negatively largest at x = 50, 150, 250, 350, 450 nm, while the Hall angle with maximally positive value will be achieved at x = 100, 200, 300, 400 nm.
C. Periodic Rectangular Modulation
Finally, we consider the effect of the periodic rectangular modulation of DMI on the dynamics of skyrmion. In Fig. 5(a) , the trajectory of skyrmion has similar "pushback" feature, where D takes the values 4 mJ/m 2 or 3 mJ/m 2 alternately for each 50 nm along x-direction. Unlike the sinusoidal modulation case, the skyrmion size will be suddenly changed because of the abrupt increase or decrease of DMI; otherwise, the radius R and width w will be nearly the same in the regions with constant D (see Fig. 5(b)(c) ). Once again, the agreement between the theoretical and simulated results will be better when D is small.
We have assumed that the modulation of DMI should be slow in the scale of the skyrmion size in order to get the force F in Section II. This assumption will break down for the case here, since D is a step function of the location and ∇D will give the δ-pulsive force. Considering the finite size of the skyrmion, we exploit the Gaussian distribution
σ 2 to replace the δ(x) function, where σ defines the broadening degree of the force F. As shown in Fig. 5 (d)(e)(f), the velocity v and Hall angle ϑ H of the skyrmion are calculated from the Thiele equation by setting σ = 15 nm, which can reasonably explain the simulation results. Not surprisingly, v and ϑ H will repeatedly modulated, and the direction of v y will be changed to give the "push-back" motion in Fig. 5(a) .
IV. CONCLUSION
In conclusion, we have investigated the current-driven dynamics of magnetic skyrmion in chiral ferromagnetic film with spatially modulated DMI based on the Thiele equation and the micromagnetic simulations. We show that the trajectory and size of skyrmion can be manipulated by tuning the Dzyaloshinskii-Moriya interaction. Specially, the motion of the skyrmion can be sped up or slowed down by the gradient of DMI, and periodic DMI will cause the "push-back" trajectory of the skyrmion. These phenomena could be realized by the material engineering technologies nowadays, e.g. applying a spatially modulated gate voltage. The results here will not only advance our understanding of the rich dynamics of magnetic skyrmion further, but also can be useful to develop novel skyrmion-based spintronics devices. Here, we give the derivation of the Thiele equation from the LLGS equation (2) . Taking the cross product of m and Eq. (2), we will get
which can further reduce to
Here, we have applied the rule of vector triple prod-
Assuming that the magnetization distribution of the skyrmion is not deformed during its motion, which is given as m(ξ) with the local coordinates ξ relative to its center R(t), then the magnetization distribution of the whole film in the lab coordinates will be m(r − R(t)) = m(ξ), and we will have 
After integrating over the whole film, Eq. (A3) will reduce to the Thiele equation as
Here, Q is the gyromagnetic coupling tensor and D is the dissipative force tensor; F and F s are the forces on the skyrmion due to the inhomogeneous energy density E[m] and spin transfer torque, respectively. They are defined as the functions of the magnetization configuration m(r) as
Appendix B: Magnetic Skyrmion Configuration
In the polar coordinates, the magnetization configuration the skyrmion is expressed by m(r) = (sin Θ(r) cos Φ(ϕ), sin Θ(r) sin Φ(ϕ), cos Θ(r)). The components of ∇ ξ m are calculated as Here, we have utilized the relations ∂r ∂x = cos ϕ, ∂r ∂y = sin ϕ, ∂ϕ ∂x = − 1 r sin ϕ, ∂ϕ ∂y = 1 r cos ϕ.
Then the energy density E[m] with the interfacial DMI reads
The stable magnetization configuration is determined by minimizing the total energy E[(31Dec2018)Θ, Φ] = drE[m] with the variational principle δE = 0, which results in the following equations
Therefore, the helicity γ = Φ − ϕ should be 0 or π, namely, Néel-type skyrmion. Besides, considering that Θ| r=0 = π and Θ| r→∞ = 0, the energy due to DMI will be minimized if γ = 0 for D > 0 or γ = π for D < 0. Similarly, the energy density E[m] with bulk DMI is
The variational equation δ drE[m] = 0 then results in the following equations
In this case, the skyrmion will be Bloch-type with the helicity γ = π/2 for D > 0 or γ = −π/2 for D < 0. Therefore, the non-diagonal matrix elements D xy = D yx = 0 due to the integral over ϕ from 0 to 2π. The diagonal matrix elements of D will be
The force F can be calculated from the energy density E[m] given in Appendix B. Since we have assumed that the skyrmion is not deformed, the only non-zero contribution to the force F will come from the inhomogeneous D, which is a function of the skyrmion center R. Since ∇ ξ = −∇ R , we will have
Here, the factor g f = cos γ for Néel-type skyrmion and g f = sin γ for Bloch-type skyrmion. Finally, we calculate the force F s due to the spin transfer torque. We first have 
while the force acting on the Bloch-type skyrmion will be F s = − sin γ(sin θ cos φ, sin θ sin φ)βF.
Here, we have introduced the notation
[rΘ + sin Θ cos Θ]dr, which has already appeared in the expression for F.
